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Abstract 

We review the basic theory of super G-spaces. We prove a theo- 
rem relating the action of a super Harish-Chandra pair {Go,g) on a 
supermanifold to the action of the corresponding super Lie group G. 
The theorem was stated in |DM99j without proof. The proof given 
here does not use Frobenius theorem but rehes on Koszul reahzation 
of the structure sheaf of a super Lie group (see |Kosz83| ). We prove 
the representability of the stabiUty subgroup functor. 
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1 Introduction 

In his seminal paper |Kost77j . B. Kostant gave a complete and rigorous 
foundation of supergeometry, including super Lie groups. He introduced, 
for the first time, the notion of super Harish-Chandra pair (called Lie-Hopf 
algebra, in that paper) and proved the equivalence between those and super 
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Lie groups (see also [DM99], where the name super Harish-Chandra pair 
was introduced). 

In this paper we review the basic aspects of the theory of smooth actions 
of super Lie groups on supermanifolds. The language we adopt is different 
than that used by Kostant in |Kost77j . In particular we use the explicit 
realization of the sheaf of a super Lie group in terms of the corresponding 
super Harish-Chandra pair, as given by Koszul in |Kosz83j . This has the 
advantage that many constructions become more transparent and easy to 
prove. 

In the first sections we briefly recall the basic definitions and results on 
super Lie groups and super Harish-Chandra pairs. In particular we state 
the precise link existing between them giving an explicit construction of 
the equivalence of the two categories. This is the main ingredient of all 
subsequent results. In section [H we recall the concept of action of a super Lie 
group G on a supermanifold M, and in prop. 14131 we establish the precise link 
between super Lie group actions and super Harish-Chandra pair actions (the 
proposition was stated without proof in |DM99j ) . In section [5l the notion of 
transitive action is analyzed and characterized both from the point of view 
of super Harish-Chandra pairs and from the point of view of the functor of 
points. In section [6] we consider the stabilizer of a supergroup action and a 
representability theorem for the stability group functor is given. Finally in 
the last section we review the construction of super homogeneous spaces. 

2 Supermanifolds and super Lie groups 

A supermanifold M is a locally compact, second countable, Hausdorff topo- 
logical space |M| endowed with a sheaf Om of superalgebras, locally iso- 
morphic to C°°(1RP) (8) A(t?i, . . . , A morphism ip: M ^ N between 
supermanifolds is a pair of morphisms (|V'|,^*) where |'(/'|: \M\ — > |A^| is a 
continuous map and ip* : On — Om is a sheaf morphism above \ip\. 

Remark 2.1. We will consider only smooth supermanifolds. It can be 
proved that in this category a morphism of supermanifolds is determined 
once we know the corresponding morphism of the global sections (see, for 
example, |Kost77j and |BBHR9T] ) . In other words, a morphism ip: M ^ N 
can be identified with a superalgebra map ip* : OAr(|iV|) — > OMi\M\). We 
will tacitly use this fact several times. Moreover, in the following, we will 
denote with 0{M) the superalgebra of global sections Om{\M\). 

Suppose now U is an open subset of |M| and let Jm{U) be the ideal 
generated by the nilpotent elements of Om{U). It is possible to prove that 
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Oul Jm defines a sheaf of purely even algebras over |M| locally isomorphic 
to C°°(]RP). Therefore M := (|M|, Om/Ja/) defines a classical manifold, 
called the reduced manifold associated to M. Analogously it is possible to 
prove that each supermanifold morphism iJj: M ^ N determines a corre- 
sponding reduced map ip: M ^ N. The map f ^ f ■= f + Jm{U)^ with 
/ G Om{U)-, defines the embedding M — > M. In the following we will denote 
with eYp{f) := f{p) the evaluation at p £ U. 

An important and very used tool in working with supermanifolds is the 
functor of points. Given a supermanifold M one can construct the functor 
M(-) : SMan°P Set from the opposite of the category of supermanifolds 
to the category of sets defined by 5 i-^ M{S) := Hom(5, M) and called 
the functor of points of M. In particular, for example, M(MP^^) = \M\ 
as sets. Each supermanifold morphism ip: M ^ N defines the natural 
transformation V'(')- ^i') ~^ ^i') given by [^(S')](x) := tp o x. Due to 
Yoneda's lemma, each natural transformation between M( • ) and A'^( • ) arises 
from a unique morphism of supermanifolds in the way just described. The 
category of supermanifolds can thus be embedded into a full subcategory of 
the category [SMan°P,Set] of functors from the opposite of the category of 
supermanifolds to the category of sets. Let 

y-. SMan — > [SMan°P,Set] 

M I — > M(-) 

denote such embedding. It is a fact that the image of SMan under y is 
strictly smaller than [SMan°P, Set]. The elements of [SMan°P, Set] isomor- 
phic to elements in the image of y are called representable. Supermanifolds 
can thus be thought as the representable functors in [SMan°P, Set]. For all 
the details we refer to |Kost77l ILeiSOl IMan97[ IDM991 IVaHli] . 

Super Lie groups (SLG) are, by definition, group objects in the category 
of supermanifolds. This means that morphisms /i, i and e are defined sat- 
isfying the usual commutative diagrams for multiplication, inverse and unit 
respectively. From this, it follows easily that the reduced morphisms /I, z, 
and e endow G with a Lie group structure. G is called the reduced (Lie) 
group associated with G. G acts in a natural way on G. In particular, in 
the following, we will denote by 

rg := {leg) £g := fJ,o {g,lG) 

the right and left translations by the element g G G, respectiveljl^. 

^Some explanations of the notations used: given two morphisms a: X ^ Y and 
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Many classical constructions carry over to the super setting. For example 
it is possible to define left-invariant vector fields and to prove that they form 
a super Lie algebra g, isomorphic to the super tangent space at the identity 
of G (see, for example, |Kost77j or |Var04j ) . 

In the spirit of the functor of points, one can think of a SLG as a repre- 
sentable functor from SMan°P to the category Grp of set theoretical groups. 
The SLG structure imposes severe restrictions on the structure of the su- 
permanifold carrying it. In the next section, we want to briefly discuss this 
point. 

3 Super Harish- Chandra pairs 

Definition 3.1. Suppose (Go, 0, cr) are respectively a Lie group, a super Lie 
algebra and a representation of Go on g such that 

L 0o = Lie(Go), 

2. (T|gg is equivalent to the adjoint representation of Go on go- 

(Go, 0,0") is called a a super Harish- Chandra pair (SHCP). 

Example 3.2. Let G be a SLG, it is clear that we can associate to it the 
SHCP given by: 

1. the reduced Lie group G; 

2. the super Lie algebra = 0o © 0i of G; notice that 0o = Lie(G); 
(3: X Z, 

{a,P): X — >Y X Z 

is the morphism that composed with the projection on the first (resp. second) component 
gives a (resp. /3); if x £ X, the map 

x:T — > X 

is the constant map obtained composing the unique map T E,"'" with the embedding 
R°l° ^ X whose image is x. 
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3. the adjoint representation of G on g given b}|^ 

Ad{g)X := {evg (g) X (g) eVg-i)(l (g) 

with g £ G and X £ q {X is thought as a vector in T(,{G)). 

Definition 3.3. If (Go, 0, a) and (i^o, f), 7") are SHCP, a morphism between 
them is a pair of morphisms 

V'o : Go — > Ho 
p^: g — ^ [) 

satisfying the compatibihty conditions 

1. ^ #o; 

2. o fT(5) = T[Tpo{g)) o for ah g e Gq. 

Example 3.4. If -i/; : G ^ is a SLG morphism, then it defines the mor- 
phism between the associated SHCP given hy Tpo = Tp and = dip. 

Definitions 13.11 and 13.31 allow to define the category SHCP of super 
Harish-Chandra pairs. Moreover the above examples show that the cor- 
respondence 

SGrp — > SHCP 

Gi — ^ (G,Lie(G),Ad) 

is functorial. 

The following is a crucial result in the development of the theory. 

Theorem 3.5 (B. Kostant). The functor ([1]) defines an equivalence of 
categories. 

It is fundamental to notice that it is possible to give a very explicit form 
to the inverse functor (see Koszul's paper |Kosz83j ). We now want to briefly 
describe it. 

^If M is a supermanifold and U is an open subset of \M\ we endow Om{U) with the 
usual topology considered in [Kost77) . As in the classical case (see for example [Gro52) ). 
it can be proved that if M and A'^ are two supermanifolds and UxVClMxN is 
an open subset, Omxn{U x V) can be identified with the completed projective tensor 
product Om{U) ® On(V). This fact will be used each time we will write a morphism 
between supermanifolds in the tensor product form. Moreover since all the maps we will 
consider are continuous in the given topology, we will check formulas only on decomposable 
elements. The reader can easily work out the details each time. 
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Let us preliminarily remember that the super enveloping algebra il(g) 
can be endowed with a super Hopf algebra structure (see Kostant's paper 
[KostTTQ . In fact it is a unital superalgebra with respect to the natural 
identity ^u(q) multiplication ms^(g) . Moreover the map ^ (81 defined 
byXi-^X(8)l + l(8)X can be extended to a comultiplication map 

An(0):H(0)^H(0)®H(0) 

in such a way that together with the counit 

e: 11(0) — > E 

11(0) becomes a super bialgebra. The antipode is finally defined as the super 
antiautomorphism 

5:il(0) ^H(0) 

Xi — >X 

whose action on is given by X 1— > —X. Clearly XY = {—1)\^\^^\Y X . 
Suppose hence a SHCP (Go,0,cj) is given and notice that 

1. 11(0) is naturally a left il(0o)-module; 

2. C°°{Go) is a left it(0o) module. In fact each X e il(0o) acts from 
the left on smooth functions on Go as the left invariant differential 
operator D^. 

Hence, for each open subset U C Go, it is meaningful to consideiH 
OciU) :=IIom^(g,,)(il(0),C~(C/)) 

where the r. h. s. is the subset of Hom filfg). consisting of H(0o)- 

linear morphisms. 

OciU) has a natural structure of unital, commutative superalgebra. The 
multiphcation Og{U) Og{U) Og{U) is defined by 

931 • 932 := "lcoo(GrQ) o (y?! (^2) o An(0) (2) 

and the unit is (with a mild abuse of notation) e. 

The following proposition and lemma are stated in Koszul's paper [Kosz83] . 

^We recall that H V = Vq (B Vi and W = Wo © Wi are super vector spaces then 
Hom Cl/, W) denotes the super vector space of all linear morphisms between V and 
W with the gradation Hom (K W)o Hom(l/o,W^o) eHom(Vi,Wi), Hom fV, W)i := 
Hom(Vo, Wi) ® Hom(yi, W^o)- 
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Proposition 3.6. {Go,Og) is a supermanifold that is globally split i. e. 

OG(G'o) = Hom(A(0i),C°°(Go)) -C°°(Go)^A(gi)* (3) 
Og carries a natural 1j- gradation. 

The first isomorphism in ([3]) is given by 

(p I — > o 7 (4) 

where 7 is the map defined in the following useful lemma, that will be needed 
also in the following. 

Lemma 3.7. • The antisymmetrizer 

7: A(0i)^H(0) 

Xl^■■■ ^Xp^ — > - ^ (-1)^x^(1) • • • 

is a super coalgebra morphism. 
• The map 

7: H(0o) «)A(0i) -^iiid) 

X®Y> — > X ■ 7(y) 

is an isomorphism of super left {{{qq) -modules. 

Next proposition exhibits explicitly the structure of a SLG in terms of 
the corresponding SHOP. 

Proposition 3.8. {Gq,Og) is a SLG with respect to the operations 

[fi*{^){X,Y)]{g,h) = [^{{h~\X)Y)]{gh) (5a) 
\i*iv)iX)]ig-') = [^ig-\X)]{g) (5b) 
e*i^) = yil)]ie) (5c) 

where X,Y £ ^(q), g,h G Gq, e is the unit of Gq and g.X := a{g)X. 
Moreover the associated SHOP is precisely (Go,0,cr). 

In this approach the reconstruction of a SLG morphism from a SHOP 
one is very natural. Suppose indeed that (ipo, p^) is a morphism from (Go, 0) 
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to (i^Ojf)), and suppose tp € Oh{U). It is natural to define tp*[(p) through 
the following diagram 



It is not difficult to prove that this defines a SLG morphism with associated 
SHOP morphism (ipo^Pi))- 

Let us finally collect a glossary of some frequently used operations in 
Koszul realization, completing those given in eq. ([2]) and ([5]) (notice that, 
since {-l)\^\'-M+\^\^ip{YX) = {-l)\^\ip{YX), it is possible to slightly sim- 
plify the form of some expressions). 



Pill 



operation formula 



evaluation map 


if = (f{l) 


left translation 


[il{^)]{x) = ei{^{x)) 


right translation 


[rliip)]{X)=?*Mh-\X)) 


left invariant vector fields 


{D^^^m = (-i)i^i^(yx) 


right invariant vector fields 


[{D^^){Y)]{g) = {-l)\^\M^{{g-\X)Y){g) 



Example 3.9. We consider the SLG G = Gl(l|l). Formally it can be 



thought as the set of invertible matrices (^2x2) ^^^^ multiplication 



/ Xi 




( yi 




V^2 


X2) 




y2j \ 



(6) 



The corresponding reduced group is G = (]R\{ } ) ^. A basis of left invariant 

vector fields 01(1 11) is easily recognized to be 

d d d d 

0x1 OV2 0x2 OVi 

rr 9 d d d 

II = Xi— '!72-;^ -^2 = X2-^ ^1'^ 

OVl 0x2 dV2 OXl 
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with commutation relations (for alH, j = 1, 2) 

[X„X,] = [Ti,Ti]=Q 
[Xi , T,] = (- 1)^+^' Tj [Ti , Ts] = -Xi - X2 

h = E G acts through the adjoint representation on g[(l|l)i as 

follows: 

h.Ti = yi Ti 1/2^ h.T2 = 2/2 T2 y^^ 

Using the theory developed in the previous section, we now want to 
reconstruct the multiplication map of G in terms of the corresponding SHOP. 
Introduce the linear operators 

A(g[(l|l)i) ^C°^(G) 

1 1 — >yi 

Ti,T2,TiAT2^0 

and 

$i:A(0[(l|l)i)^C°°(G) 

l,Tj^i,TiAT2^0 

These are going to be our coordinates on Hom(A(0l(l|l)) , C'^(G)) . These 
maps extend in a natural way to il(go)-linear maps from il(go) ^ -^(fli) to 
C°°{G), which we will denote by the same letter. We denote by ip (resp. $) 
the composition f o 7"^ (resp. <I> o 7^^). 
We want to calculate the pullbacks 



{l,*{ipi)){X,Y){g,h) := ipi{h-\j{X)j{Y)){gh) 

= Vi[T'ih-'MXh{Y))){gh) 
{fi*{^i)){X,Y){g,h) := h{h-'MXh(Y)){gh) 

= ^^(j-'{h-\^{Xh{Y)))igh) 



(7) 
(8) 



In order to perform the computations we first need to compute the elements 
7-i(/i-i.7(X)7(y)). Next table collects them. 
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\^ Y 


1 


Ti 


T2 


Ti A T2 


1 


1 


Ti 




Ti ATa 


Ti 







y2^yi-{Ti A r2 

-i(Xi+X2)) 




T2 


y2^yiT2 


y2^yi{- Ti A T2 

-i(Xl+X2)) 







Ti A T2 


T1AT2 


-i(Xi + X2)ri 


+X2)r2 





From this and using definitions d?]) and ([8]), we can calculate easily the 
various pullbacks. Let us do it in detail in the case of ^pi. In such the 
pullback table of (X, T) ((xi, X2), (yi, ^2)) is 



^\ Y 
X 


1 


Ti 


T2 


Ti AT2 


1 













Ti 













T2 





1 -i 2 

-2% a^iyi 








Ti A T2 














The link with the form of the multiplication morphism as given in eq. ([6]) is 
established by the isomorphism 

Xl = ipi\l + 

/ $l^>2 
X2 = ¥?2 I 1 ^ 



4 G-supermanifolds 

Let M be a supermanifold and let G denote a SLG with multiplication, 
inverse and unit /i, i and e respectively. 

Definition 4.1. A morphism of supermanifolds 

a: G X M — ^ M 
is called an action of G on M if it satisfies 

a o (/i X 1m) = a o {\q X a) (9a) 

ao(e,lA/) = lM (9b) 
(see footnote [T] for the notations). 



10 



If an action a of G on M is given, then we say that G acts on M, or that 
M is a G-supermanifold. 

Using the functor of points language, an action of the SLG G( • ) on the 
the supermanifold M( • ) is a natural transformation 

a{-):G{-)xM{.)^M{.) 

such that, for each S £ SMan, a{S) : G{S) x M{S) M{S) is an action of 
the set theoretical group G{S) on the set M{S). 

If p G M and g € G, we define for future use the maps 

ap-. G — >M ap := a o {1lg-,p) (10a) 

a^:M — >M := a o {q^Im) (10b) 

that, in the functor of points notation, become 

ap{S) : G{S) — > M{S) a^{S) : M{S) — > M{S) 

g I — > g.p m i — > g.m 

They obey the following relations 

• a3 o a^'^ = 1m for aW g eG 

• o Up = Up o £g for all (7 € G and p (z M 

As in the classical case the above relations play an important role in 
proving that Up is a constant rank mapping (next lemma). In the super 
context, this is a more delicate result than its classical counterpart, since 
the concept of constant rank itself is more subtle (see |Lei80] ) . We briefly 
recall it. If M = (^ ^) is an even p\q x m\n matrix with entries in the 
sections 0{U) over a superdomain U , then we say that M has constant 
rank r\s if there exist Gi E G\p\q(0{U)^ and G2 € Glm|„(0(C/)) such that 
G1MG2 has the form (f with A' = ^ and Z)' = (^^ O). Finally, 
if ^: M — > is a morphism between super manifolds, we say that has 
constant rank r\s at m G M, if there exists a coordinate neighborhood of 
m such that the super Jacobian matrix has rank r\s. We can now prove 
the following fundamental lemma. 

Lemma 4.2. ap has constant rank. 

Proof. Let q be the super Lie algebra of G and let J^p be the Jacobian 
matrix of ap. Since 

JaM = {dap)g = {da3)^{dap)^{Mg^.)^ 
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and and Ig-i are isomorphisms, Japid) has rank dimg — dimker(dap)g 
for each g ^ G. Moreover, recahing that, if X G g, = (1 ® X)^* and 
using eq. ([9a| we have that, for each X S ker (dap)^, 

D^al = (1 evp)a* 

= {\®X ® evp)(l O ;U*)o* 
= {l®{dap)^{X))a* = Q 

If { Xj, -iJj } and { y/c) ^/ } are coordinates in a neighbourhood f/ of e, and 
in a neighbourhood F D ap( ?7) of p respectively, then 



Ja 



dxi d-Dj 
dxi dSi 



Let m\n = dim ker ((iap)^ and let {Xu} and {Ty} be bases of go and gi 
such that Xu,Ty G ker {dap)^ for u < m and v < n. If 

i 3 i j 

(with a„_j, 4j e 00(^7)0 and bu,j,Cy^i G 0^(^7)1) and ^ = ( ) , then 

the matrix 



has m + n zero columns. Since {Xu,Tv } is a linearly independent set of 
vectors, A is invertible and so, for [LeiSOl lemma 2.3.8] Jap has constant 
rank in U and, by translation, in all G. □ 

Since the category of SLG is equivalent to the category of SHOP, one 
could ask whether there is an equivalent notion of action of a SHOP on a su- 
permanifold. The answer is affirmative and it is given in the next proposition 
(see also |DM99] ). 

Proposition 4.3. Suppose G acts on a supermanifold M , then there are 
1. an action 

a:GxM — >M (11) 

a:= ao {Jq^q x 1 m) of the reduced Lie group G on the supermanifold 
M; 
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2. a representation 

" (X®lo(M))n' 

of the super Lie algebra q of G on the opposite of the Lie algebra of 
vector fields over M . 

The above two maps satisfy the following compatibility relations 

Pa\,,{X) = {X^ loiM)) g* VX e go (13a) 

Paig.Y) = (a^")Va(l')(a^)* V<? G G, y G (13b) 



Conversely, let {G,q) be the SHOP associated with G and let maps a and 
p like in points 1 and 2 above satisfying conditions (jl3p be given. There is 
a unique action ap-. G x M ^ M of the SLG G on M whose reduced and 
infinitesimal actions are the given ones. It is given by 

a*: 0(M) ^Hom^(g^)(il(0),C-(G)§O(M)) 

r 1 (14) 

f^[x^ (-1)1^1 (lc^(g) p{X))a*{f)\ 

In analogy with the classical case, one can use super Frobenius theorem 
to reconstruct a local action from an infinitesimal action (jl2p . Nevertheless 
it is particularly interesting that the assignment of (jlip allows to avoid the 
use of super Frobenius theorem and makes possible an explicit reconstruction 
of the global action. The form of the reconstruction formula given by eq. 
can be easily obtained as follows. 

Let a be an action of G on M and let (a, pa) be as in prop. 14.31 If 
/ € 0{M), then 

a*(/) G Hom^(g„)(H(0),C-(G))®O(M) -Hom^(g^)(H(fl),C^ 



hence, using eq. (jOah and the fact that pa is an antihomomorphism, for all 
X G il(0) 

a*(/)(X) = (-1)1^1 [(Z)i^l)a*(v.)](l) 

= (-1)1^1 (l®p„(X))(a*(/)(l)) 
= (-1)1^1 (l®p,(X))a*(/) 

This also proves the uniqueness statement of the theorem and it suggests 
how to prove the existence of the action Op. 
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Proof of prop. \4.3\ Let us check that a*(/) is il(go)-linear. For all X £ il(0) 
and Z € 00 we have 

a;{f){ZX) = (-1)1^1 (1 ® p{ZX))a*{f) 

= (-1)1^1 (1 ® p{X)) (1 ® Ze ® (g) a*)a*(/) 

= (-1)1^1 (1 ® p{X)) (1 Ze (g) l)g*{f) 

= {D^(gl)[a;{f){X)] 

We now check that superalgebra morphism. 

[«;(/i)-«;(/2)]w = "ic^(g)go(M)[«*(/i)^«*(/2)]A(x) 

= ® p(X(i)))a*(/i) ® (1 ® p(X(2)))a*(/2)" 

= (-1)1^1 (l^p(X))(a*(/i).a*(/2)) 
= a;(/i-/2)(X) 

where /j € ©(M) and X(i-) (g) ^(2) denotes A(X). Concerning the "associa- 
tive" property, we have that, for X,Y ^(fl) s^nd g,h G, 

[{p*®l)a;{f)]{X,Y){g,h) = [a;{f)]{h-\XY){gh) 

= i-i)m+\y\+\^\\y\p(Y)p(h-\x){a^^)\f) 

= [il<E>a;)a;{f)]iX,Y)ig,h) 
and, finally, (ev, ® l)a;{f) = p(l)(a^)*(/) = /. □ 
We end this section resuming example 13.91 



Example 4.4. Consider again the SLG G = Gl(lll) introduced in example 
3.91 G acts on itself by left multiplication, and, using the same notations as 
in the previous example, we have 

1. left action of G on G: 

X2(2 X2y2 

2. representation of 0l(l|l) on the super Lie algebra Vec(G)°P: 

„ . „ d ^ d 

Xi' — >yi- KUtt:^ X21 — >y2-^ ^«Tr^ 

dy2 5^2 



/ Xl 




( yi 






X2J 


V6 


y2j \ 



d 


+ 6 


d 


dyi 




d 


+ ^2 


d 




dyi 



Til — ^^277^ + ^277— ^2 1 — + 

9^2 oy2 
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In this case the representation sends each element of g[(l|l) into the 
corresponding right invariant vector field. 

The action n can be reconstructed using eq. (fT^ ; a simple calculation shows 
that 

H*{xi) = xiyi{l + ■!9i??2) + a;i^2i?i /"*(a;2) = 2^22/2(1 + '!9i'i?2) + X2(,i^2 

= + ^i'&2) + xm-Di ^i*{^2) = ^26(1 - ^^1^2) + X2yi"&2 

The usual form of the multiplication map (as given in example 13. 9p is ob- 
tained using the isomorphism 

Xl I > Xi(l + T?il?2) X2l > X2(l +t?ll92) 

I — > — '02^ — > — 

Xl X2 

5 Transitive actions 

Let M be a G-supermanifold with respect to an action a: G x M ^ M. 
Next definition is the natural generalization of the classical one. 

Definition 5.1. Suppose G acts on M through a: G x M — > M. We say 

that a is transitive if there exists p ^ M such that (see eq. (jlOap ) is a 
surjective submersion. 

Remark 5.2. Since a^.p = ap o rg, if Op is submersive for one p € M then 
it is submersive for all p £ M. 

Next proposition characterizes transitive actions. 

Proposition 5.3. Suppose M is a G-superspace, then the following facts 
are equivalent: 

1. M is transitive; 

2. • a: G X M ^ M is transitive; 

• {dop)^: Q —I- Tp{M) is surjective; 

3. if q denotes the odd dimension of G, then 

ap(R°l«): G(]R°I'') ^ M(]R°I<?) 

is surjective; 
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4- the sheafification of the functor 

SMan°P — > Set 

S I — > (Imap)(5) := {apO if \ (f G G{S) } 

is the functor of points of M. 

Proof. The second statement is an immediate consequence of lemma and 
previous remark. 

Let us hence check the equivalence of the third with the first. If G 
M(]R0|9) = Hom(R0|9,M), let G M be the image of the reduced map 
associated with ip. It is clear that the pullback ip* depends only on the 
restriction of the sections of Om to an arbitrary neighbourhood of (f. If Op 
is a surjective submersion, there exists a local right inverse s of Up defined 
in a neighbourhood of (p. By the locality of s o is a well defined element 
of G(]R°l5) and moreover 

[ap(I[l'^''^)] {s o if) = Qp o s o if = cp 

so that Op(IR°l') is surjective. 

Suppose, conversely, ap(R°l'^) surjective. Looking at the reduced part of 
each morphism in ap(E°l'') (G(E0|'')) , we have that ap(EO|°) =ap: G 
is surjective. As a consequence (see |KMS931 th. 5.14]), a is a classical 
transitive action and ap is a submersion. Let now m ^ M and {xi^'dj } be 
coordinates in a neighbourhood [/ of it. Consider the following element of 
M{W\i) defined by the pullback 

VP*:OM(f/)^0(]R°l^) = A(r/i,...,r?,) 

Xi I — > Xi{m) 

By surjectivity of ap(R°l5), there exists ip G G(]R°I'') such that 

ip* o a*{xi) = Xi{m) 

and this implies that Tm{M)i is in the image of {dup)^. Since, by previous 
considerations, Hp is a submersion, also Tm(M)o is in the image. Hence, due 
to lemma 1^21 we are done. For the last point see [BCFOSj . □ 
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Remark 5.4. In the third point of the above proposition, it is not possible 
to require the transitivity of a{S) for each S. Indeed, in such a case, each 
map S ^ M can be hfted to a map S ^ G. This in particular implies the 
existence of a global section of the fibration G ^ M (take S = M and the 
identity map). This problem is solved exactly by taking the sheafification of 
the functor as indicated in in point HI 

6 Stabilizer 

Let G be a SLG, and suppose M is a G-supermanifold; the aim of this 
section is to define the notion of stability subgroup and to characterize it 
from different perspectives. 

We start recalling the definition of an equalizer. Given two objects {X 
and Y) and two arrows (a and P) between them, an equalizer is a universal 
pair (E, e) that makes 

E^^X -^ Y 

/3 

commuting. This means that if r: T — > X is such that a o t = (3 o t, then 
there exists a unique a: T ^ E such that e o a = t. If an equalizer exists, 
it is unique up to isomorphism. 

One can easily convince himself that the next definition mimic the clas- 
sical one. 

Definition 6.1. Suppose G is a SLG and a: G x M ^ M is an action of G 
on the supermanifold M. We call stabilizer oi p M the supermanifold Gp 
equalizing the diagram (where p: G — > M is as in footnote [1]) 

ap 

G —i M 

p 

It is not a priori obvious that such an equalizer exists. Next proposition 
shows that the definition is meaningful and characterizes the notion of sta- 
bilizer both from the point of view of the functor of points and in terms of 
the corresponding SHOP. 

Proposition 6.2. 1. The diagram 

ap 

p 

admits an equalizer Gp; 
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2. Gp is a sub-SLG of G; 

3. the functor S ^ G{S)p assigning to each supermanifold S the stabilizer 
of p of the action of G{S) on M{S) is represented by Gp; 

4. let {Gp,Qp) be the SHOP associated with the stabilizer Gp. Then Gp C 
G is the classical stabilizer of p with respect to the reduced action and 
Qp = ker dap . 

Proof. Let us put ourself in a general context and let us suppose that 
■0: M ^ is a morphism of constant rank between two supermanifold. 
If p G iV, define Ip = { f e 0{N) \ f{p) = 0} and J'jf as the ideal in 0{M) 
generated by tp*{'^p)- In this case there is a unique closed subsupermanifold 
S* of M such that ^p = ker j^, where jg is the pullback of the embedding 
js- S ^ M. This submanifold is denoted with ip~^{p) (see |Lei80l § 3.2.9]). 
Let Gp be a~^{p). We are going to see that, as in classical context, Gp is 
the stabilizer of p. 

First of all we recall that, if A and B are two generic algebras and a 
and /? are morphisms between them, as it is easy to check, their coequalizer 
— the equalizer in the opposite category — is the algebra C = B/J, where 
J = ( a(o) — /3(a) I a € ^ ) is the ideal generated by { a{a) — /3(a) \ a G A}. 

Since the embedding jcp . Gp —f G is regular and closed, Jq is surjective 
(see [LeiHOI § 3.2.5]). Hence 0{Gp) ^ C'(G)/ker , and moreover 



keTfG^ = {a;{f)\feIp) = 

= («;(/- m) I / e 0{M) ) = ( a;(/) - r (/) I / G 0{M) > 

Therefore 0{Gp) is the coequalizer of 



0(M)=l40(G)^^0(Gp) 



and hence Gp is the equalizer of 



In P 

G^^G > M 



V 



This concludes item 1. In order to prove point 2 we have to show that 
Gp is a sub-SLG of G. Due to Yoneda lemma, if we prove item 3 also 2 
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is done. On the other hand item 3 can be proved easily noticing that the 
functor G{-)p equahzes the natural transformations 

ap{-) 

G(.)^=tM(.) 

Pi-) 

and, since the Yoneda embedding preserves equalizers and due to their 
uniqueness, Gp{ • ) = G{-)p. 

Let us finally consider item 4. The first statement is clear since G = 
G(R°I°) as set theoretical groups. Moreover, since, for all / E 0{AI), 

° ^pif) ^ constant, Qp C kerdap and they are equal for dimension 
considerations. □ 



7 Homogeneous supermanifolds 



In this section we give a detailed account of homogeneous supermanifolds. 
Essentially all the results presented in this section are known (see |Kost77] . 
and |FLV07] ) . We nevertheless spend some time in proving them since we 
adopt a slightly different approach through Koszul's realization of the sheaf. 
This allows us to give a very explicit description of the structure sheaf of 
the homogeneous supermanifold (lemma 17.11 below) and to prove its local 
triviality without using super Frobenius theorem (proposition 17.21 below). 
On the other hand proposition 17.41 completely relies on |FLV07j . 

Let G be a SLG and let H he a closed sub-SLG. Let g and f) be the 
respective super Lie algebras. Let U C G/H and V C H\G be open sets 
and define 



Oc/HiU) :-- 



G [) 

ip yheH 

VX G 



(15) 
(16) 



where n denotes, for simplicity, both the projections G G/H and G — > 
H\G. Define now the morphisms 

GxH l^i^^Z^ GxG^G 

f,^^^: HxG GxG^G 

Next lemma shows that Oq/h{U) (resp. C'h\g(^)) can be interpreted as 
the set of sections over ■k~^{U) (resp. tt^^{V)) that are right (resp. left) 
iif- invariant. 
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Lemma 7.1. Oq/jj and Oh\q define sheaves of superalgebras over G/H 
and H\G respectively. Moreover 

Og/h{U) = { 9^ G Og{t^-\U)) I ti*a,H{^) = VA{V) } 
Oh\g{V) = {^e Og{it~\V)) I ii*Hd^) = vAiv) } 

where pr^ is the projection into the i^^ factor. 

Proof. The first statement is easy to establish. We only show the first equal- 
ity, the proof of the second being equal. 

Suppose if belongs to the set in the r. h. s., then 

= (1 O evft)/iG,H(v5) = (1 ® evft)pri(v3) = ip 
D^if = (10 X)pi*G^H{v) = (1 1) = 

Conversely, suppose 99 E Og/h{U), X G Y € g G G and h £ H, 

then 

[{fi*a,H{v)){X,Y)]{g,h) = [^{h-\XY)]{gh) 

= {-ir\[rUD^^){X)]{g) 

_ Jo ify^E 
~\[v{x)]{g) ify = i 

= [{prl{^)){X,Y)]{g,h) □ 

Proposition 7.2. G/i? := {G/H,Og/h) and H\G := {H\G,Oh\g) are 
isomorphic supermanifolds. 

Proof. We start by showing that G/H is a super manifold. In view of lemma 
17. H it only remains to prove the local triviality of the sheaf. 

Let f) be the super Lie algebra of H and let g = P) p be a homogeneous 
decomposition. Moreover let s: U G, U C G/H, be a local section in 
a neighbourhood of e (the equivalence class of e). Consider the trivializing 
map 

Og/h{U) ^Eom{A{p,),C^/ji{U)) ^^^^ 
931 >Tp 

where, if P G A(pi), g & U and 7 is as in lemma [321 

[Tp{P)]{g) := [^{^iP))]{s{g)) 
The bijectivity of this map can be obtained easily from the following remarks: 
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• each 5 € vr ^{U) can be written uniquely as g = s{g)h{g), with h{g) G 

^; 

• due to lemma [3171 each X e can be written as X = Xq^{Xi) with 
Xo eH(0o) and Xi G A(0i); 

• due to il(0o)-liiiearity and condition r^y? = ip for each h & H, each 
(/J G Og/h{U) satisfies 

[p{X)\{g)=[^{X,^{X^))]{s{g)h{9)) 

• due to condition Dj^cp = for each H G (p is determined by its 
value on 7(A(pi)); indeed, if H £ i)i and Xi G gi, 

Z)^<p(7(Xi A • • • A = -(^(7(Xi A • • • A X„ A + (^(F) = 

with 

(1^0 00)7(0 A' (01 



A'(0i. 

\i=0 / 

(see [ Kosz831 lemma 2.3]) and than ip can be calculated by induction 
on n once it is known on 7(A(pi)); 

• the condition D^p = for each G f)o does not give further restric- 
tion since = ^?'c*xpt/^l^=o• 
Moreover, since (7 (8) 7) o Aa(pi) = ° 7|A(pi)) the maps in eq. (fT7|) is 
easily seen to be a superalgebra morphism. To end the first part of the proof 
notice that each g (z G acts by left translation on the sheaf Og and that its 
action preserves Og/h- Hence g acts as an algebra isomorphism on Og/h-, 
so that local triviality is proved at all points of G/H. 

For H\G the proof is analogous. As in the classical case, in order to show 
that G/H and H\G are isomorphic supermanifolds it is enough to consider 
the inverse morphism i defined by (i5bjl . Notice indeed that i* sends Og/h 
to Ofj\G (and vice versa). □ 

Definition 7.3. We call G/H (resp. H\G) the homogeneous supermanifold 
of left (resp. right) invariant cosets. 

Next proposition establishes some properties of the manifold G/H. 
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Proposition 7.4. G/ H has the following properties 

1. vr: G — > G/H is a submersion whose reduced part vr: G ^ G / H is the 
natural projection; 

2. there is a unique action (3 ofG on G/H such that the following diagram 
is commutative 

G xG >G 

1g Xtt 

G X G/H— yG/H 

If a supermanifold X exists satisfying the above properties then X = G/H . 
Proof. Essentially all assertions are consequences of the fact that 

71"* : Og/h — ' 

For all details, see |FLV07j . □ 

Next proposition proves that, exactly as in the classical case, each tran- 
sitive supermanifold is isomorphic to a homogeneous supermanifold (see 
lKost77| ). 

Proposition 7.5. Let M be a transitive G -supermanifold. If p £ M and 
Gp is the stabilizer of p, then there exists a G-equivariant isomorphism 

G/Gp — > M 

Proof. Fix a point p £ M and consider the map Op-. G ^ M . If ?7 C M, 

notice that a*(C'A/(C^)) ^ ^G/Gp (V ^(^))- Indeed, if h e Gp and X £ Qp = 
Lie(Gp), for each / G Om{U) 

rl{al{f)) = al^if) = alif) 

and, due to prop. 16.21 

D'k Hif)) = (1 ® ® evp)a*(/) 

= (l(g)X)(l(g)a;)a*(/) 
= {l^{dap)^{X))a*{f) = 
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Hence we can define a map 

rj: G/Gp — > M 

through r]* := a*. It is easy to see that such a map is G-equivariant: 

a o (1q X t]) = t] o (3 

Finally, since rj is bijective and dtj is bijective at each point (dap is surjective 
for transitivity hypothesis and Qp = kerdop, so dr] is bijective at e and at 
each point because of the equivariance) , r] is an isomorphism (see corollary 
to th. 2.16 in |Kost77j ). □ 
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